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Abstract. We present a perturbative method of calculating the temperature-dependent
correction, AG, to the Landauer conductance which is due to the inelastic electron—phonon
scattering. The limits of applicability of these methods as well as the critical interval of
temperature (and other relevant parameters) on which the transition from the ballistic transport
to the Boltzmann~Drude transport oceurs are discussed,

1. Introduction

The classical Boltzmann-Drude conductivity, o, is proportional to the average time, T, that
an electron travels without suffering any collisions. Up to a multiplicative constant of the
order of unity,

o = netr/m* D

where # is the number of conduction electrons (per unit volume) and m* is the effective
mass. Consequently, even in the weak limit of the electron—phonon coupling constant, ¢,
the perturbation theory cannot be employed directly for the calculation of conductivity. The
first term in the expansion of ¢ in powers of ¢ scales with £ as =2 and the calculation of
o typically requires solving of the Boitzmann equation.

There exist cases, however, where the expansion of ¢ in powers of { is possible. One
such case is the transverse magnetoconductivity,
N ne’t/m*

T 1 (wer)?

where w, = eH/m"c is the cyclotron frequency. When e,7 3 1, equation (2) can be
expanded in powers of ¢ by making use of the perturbation theory applied, for example, to
the Kubo formula (see for instance [1]). The classical formula (2) is valid for hw, < ksT.
In the quantum regime (fiew, 3> kgT'), the transverse magnetoconductance, o, can also be
legitimately expanded in powers of £2 [1].

An analogous situation is found in the calculation of the AC conductivity in a high-
frequency electric field. For

)

Oxx

wr > 1 (3)
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where w is the frequency of field oscillations, the conductivity can be obtained by means of
a perturbation expansion in powers of 2. The expansion begins from a zeroth-order term

of the form

ne*

Imeo = . )
m*w

The next-order term in such an expansion is real. In the classical domain of frequencies,
R, < ksT (see for instance [2, 3, 4]), this term is

2
ne
Reo ~ 5
©e m*ewlt ©)
where w is the AC frequency. For
wt > 1 ©

equation (5) can be obtained from the perturbative expansion in powers of ¢?. In the
quantum regime (hw 2, kpT) the expression (3) is replaced by a more complicated one.
Nonetheless, such an expression is once again obtained from a perturbative expansion in
powers of a small parameter proportional to ¢2.

These examples show that the applicability of the perturbation theory depends on vatues
assumed by the conductance, G, in the limit of ¢ — 0%, If G approaches infinity as { — 0,
the perturbation theory cannot be directly applied. If, on the other hand, G remaios finite
as £ — 07, there exists an interval of values of  where the perturbation theory is valid.

We use the perturbation theory for calculations of the variation in the Landauer
conductance, AG, due to the interaction with phonons [5]. The results obtained by making
use of such perturbative methods are then analysed in detail and the critical interval of the
various parameter values required for the transition from the ballistic to the Boltzmann—
Drude transport is estimated. We are not aware of any experimental work where the phonon
contribution to the conductance of a nanostructure was systematically investigated. One of
our purposes is to determine the best conditions (with regard to the temperature, chemical
potential and dimensions of a nanostructure) for observation of such a contribution, which we
pursue by working out a theory of the phonon-assisted part of current. In such a way we have
obtained both the conditions for observation of quantum oscillations of the conductance in
nanostructures and a ballistic transport as such (where the quantum oscillations are smeared
out but nevertheless the transport cannot be considered as purely classical because of the
relatively small number of channeis).

2. Theory

It is well known (see, for instance, the review [6]) that in the absence of scattering G is
a step-like function of the Fermi level as shown in figure 1. Each step corresponds to the

1 One must distinguish, in this respect, between the trangverse and longitudinal degrees of freedom. In the case
of a uniform wire, the electrons are confined in the transverse plane and are unconstrained in the longitudinat
direction. The confinement in the transverse plane leads to the quartization, provided that the characteristic width
of a wire is comparable to the Fermi wavelength. In the opposite case, where the wire width is large on a scale of
the Fermi wavelength, namely, in the limit of A" 3> 1 which is equivalent to taking the Ehrenfest limit of # - 0
or A - 0 along the transverse directions, the motion in the transverse plane approaches its classical limit, It is in
this sense and ondy in this sense that we refer to the conductance expressed by (14) as ¢lassical. The motion in the
longitudinal direction is classical provided that the length of a wire is much larger than its width (and consequently,
the Fermi wavelength) and particularly for the constant-cross-section wire that we consider here. Thus the actual
value of A (dependent on the ratio of the wire width to the Fermi wavelength) in no way affects the nature of
electron transport along the longitudinal direction, which is classical in the absence of any scattering,
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inclusion of a new mode of transverse quantization to the conduction process. According
to the Landauer formula, the height of each step is equal to the quantum of conductance
Gp = 2e¢?/h multiplied by a constant that has the physical meaning of a transmission
probability.

14
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Figure 1. In the absence of dissipation, the Landauer conductance, Gigwm, and its classical
analogue, Gor., are plotted as functions of }.El for various temperatures (Tp = 1.25 K). These
are computed from (13) and (14), respectively, Curves are vertically offset. The dashed—dotted
vertical line marks Ap = 400 A which corresponds to g = 14 meV. Inset: a schematic and
somewhat exaggerated representation of the QID structure being investigated.

With an onset of phonon scattering the electronic transport may still be regarded as
ballistic (and be treated as such to zero order) provided that the change in the conductance,
AG, due to the phonons is safficiently small. In other words, only a small fraction of the
total number of electrons suffer collisions with the phonons.

To apply a perturbative theory let us assume that the change of condactance is small. We
consider here the simplest case of a uniform mesoscopic conductor of constant fransverse
cross section with respect to the x coordinate atong the conductor. In such a case no
redistribution of the electrostatic potential with the onset of the phonon scattering should
be expected.

The distribution function of the electrons in the absence of the electron—phonon
interaction is given by fO(p) = f®(e ¥ eV/2 — ) where f® is the Fermi function
(see [6]). € = €x(p) = €,(0) -+ p*/2m* is the electron energy, p is the x~component of the
electron quasi-momentum, » is a subband index, and the upper (lower) sign is for p > 0
(rp<0.

Adding weak electron—phonon interactions we have f = f©O + Af with Af satisfying
the equation v3Af/3x = I[f] + e(3¢/0x)(3f®/dp). The quantity v = 9¢/dp is
the electron velocity, ¢ is the electrostatic potential assumed to be independent of time,
and 7 [ f] represents the electron—phonon collision term (see below). Here we assume
that L, 3» A (A being the electron de Broglic wavelength) which permits us, within the
semiclassical approximation, to treat f as a function of p and x. For p > 0 (p < 0) the
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solution of the equation for Af(x) is

26 57

ax op @

AF) = S Ly [f]+ 2 [ ax
The zero of the coordinate system is assumed to be at the midpoint of the conductor of
total length L., and we made use of the boundary condition Af = 0, which is satisfied at
x==4L,/2.
The variation in the current, AJ, due to scattering is given by (compare with the classical
case treated in [7])

AJ =2e(x + L, /2)2] —-1> [Fo(P)] + 2e(x — x/Z)Z[ —I“ [f(2)].®

Here summation over all the phonon branches is implied. It is readily seen that, in
accordance with the reasoning given above, I[f], and therefore AJ, is proportional to
the square of the electron—phonon coupling constant.

The collision term is given by

> @ d -
I<[fncp)1=}: f wﬁ P f (2”)4 |l e T )| W (B + B¢ ©)

B® = [f'(1 — £) (Ng+1/2£1/2) = F{~ f)Ng +1/2F 1/2)]5(’ — ¢ F haoy)

where @(-) is the step function, € = &,(p), d = D — 1 and D is the dimension of the
system.

We consider only scattering by three-dimensional extended acoustic phonons (although
the phonons localized within the nanostructure or near its interface with a bulk could have
been easily included into the scheme). Then [9]

nZ%
Py

where p js the mass density and Z is the deformation potential constant for the longitudinal
phonons that has the physical significance of the coupling constant, £, introduced above.

The integrations in (9) are over the three components of the phonon wave vector.
The two transverse wave vector components are indicated by g¢;; the third integration
is equivalent to the integration over the electron quasi-momentum, p’, because of the
conservation of quasi-momentum.

In the spirit of the method described above we insert the zeroth approximation { )
for the distribution function into (9). We assume that the phonons are in equilibrivm and
hence N is the Bose function. Detailed balance guarantees a vanishing collision term for
the equilibrium distribution function and constant temperature and chemical potential. This
means that the distribution functions, f©, give a finite contribution in the collision term
if and only if p and p’ are of opposite sign, ie. their chemical potentials are different. In
other words, only those phonons that can backscatter the electrons contribute. It is readily
seen that this condition imposes a certain lower limit for the magnitude of the phonon wave
vectors. At low enough temperatures, |AG| must therefore increase exponentially with 7.

Expanding the Fermi distribution functions in powers of the small parameter eV /kgT,
we arrive at the following result for the change in conductance due to collisions :

Wy = (10)
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Axh¥H GyL, dég, dp d
MG =TT 3 [ CH L o py0(-p)
ququ(F) (e)[l —~ FOEN My 8’ — € — hvg) (11)

where M, ,(qL) = |[n'|gfer " ln)[z. Here we wish to emphasize that the expansion in powers
of the electron—phonon coupling constant can also be easily performed for a non-Ohmic
case. We shall discuss a non-Ohmic conductance in nanostructures in a separate paper.

In order to restrict consideration to the first term of the expansion in the electron—phonon
coupling constant squared, ¢ 2, we require that the probability of the electron scattering within
the nanostructure is much smaller than unity, or, in other words, that [AG|/G « 1. We
expect the perturbation theory to be applicable in this limit. This condition is satisfied for
a wide range of parameters as can be seen in figures 2 and 3 where for a wire width, L,,
chosen to be 1000 A, [AG}/G « 1 for up to liquid nitrogen temperatures. In the remammg
discussion this condition is explicitly assumed to be fulfilled.

To cbtain the classical conductance change, AGcy, we replace the sum over subbands
n (n') in (11) by the integral over p, (P ). and the conservation of quasi-momentum is
now restored. Then [8]

2mVG, [ dPp'dPp
or | s O POw)

XNy Wo FPe)1 — FPEN]S(E — € — havg). (12)

AGeL = —

where V is the volume of the D-dimensional wire and ¢ = p’ — p. The quantum and the
classical conductance are, respectively,

w = Go Z FALICHE (13)

2 * (F}
G = X80 f 6 me df . (14)
wL,

The classical conductance is independent of the Iength of a wire provided that boundary
scattering is purely specular {or, in other words, that the conservation of all three
components of the quasi-momentum holds}, and is analogous to the 3D Sharvin’s point
contact conductance [10]. As can be seen from figure 1, at zero temperature Goy = GeL
provided that er is at the threshold of propagation in one of the subbands (N = kgL, /7
or ex(0) = e). This follows directly from (14) and (13). Furthermore, with sufficient
thermal smearing, in the limit where large number of channels participate in the conduction
(N > 1), we have GQM — GoL.
In figures 2(a) and 3(a) we present numerical results for quasi-lD GaAs wires with
L, =100 A and L; = um (the x-axis being along the propagation direction, while the
effective width of the channel is Ly} as functions of Fermi wavelength, Ar = i1 /4/2m*ep
(for a fixed L, = 1000 A). In figures 2(b) and 3(b) the results are given as functions of
the channel w1dth Ly (with fixed er = 14 meV corresponding to Ax = 40 nm). Variation
of both L, and Ar can be accomplished experimentally by varying the gate voltage. One
can see from figures 2 and 3 that this condition is fulfilled for a wide range of transverse
wire dimensions and temperatures. For instance, for a wire with transverse dimensions
100 % 400 A, this ratio is smail up to liquid nitrogen temperatures. We wish to emphasize
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Figure 2. Both (2) —AGqm(Ar) (solid) and —AGey (r) (dashed) (at L, == 1000 A) as wel] as
(b) —AGom(Ly) (solid) and —AGcL(Ly) (dashed) (at e = 14 meV) are computed from (11)
and (12} for temperatures T/T, = 1, 2, 4, 8, 16, 32, 64 where Ty = 1.25 K. The dashed-dotted
vertical line marks Ar = 400 A which corresponds to ep = 14 meV.,

that at such high temperatures it is difficult to observe oscillations of the conductance but
it is possible to observe both ballistic resistance and its enhancement by the phonons.

The electrostatic potential is assumed to be flat and to have infinite walls at the
boundaries. As mentioned above, we consider here only extended phonons. The results are
presented in the form of curves scaled in units comresponding to GaAs material constants
and a particular sample size {11].

The changes in classical and quantum conductance as functions of Fermi wavelength g
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Figure 3. (a) —AGqu{Ar) is plotted as a function of temperature and Ag ! (for Ly = 1000 A),
and (b) —AGcL(Ar) is plotted as a function of temperature and Ly (for ép = 14 meV).

are shown in figare 2(a). At sufficiently high temperatures (kg T > 1.5¢,(0)) the oscillatory
structure in AG, which is due to the size quantization, is smeared out (see figure 3(a)) and
the classical and the quantum conductances become quite similar. For sufficiently large AV,
one must have kg7 3> €x(0) — =1 (0) with €x_1(0) < ep < €or(0) in order for AGqgy as
expressed by (11) to approach its classical value. In the opposite case of a relatively large
difference €y (0) — ex—1(0), the A > 1 limit fails to reconcile in full the quantum and
the classical conductance changes which then differ not only by an oscillating part at low
temperatures but also by a temperature-dependent factor at higher temperatures. For this
reason, since the limit A" 3> 1 in our case is weakly enforced, the two conductances are not
exactly equal even at higher temperatures as can be seen from figure 2(a). The saturation
of AGqy with Ap is also temperature dependent. Since only half as many electron states
can participate in the transport near the threshold of propagation of the lowest subband,
the saturation value of AGguy is almost twice that near the threshold of propagation. At
lower temperatures (kg7 < 1.5¢;(0)), resonant behaviour of AGqy(Ar) begins to emerge.
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One observes periodic oscillations in JL;I with a period of O.SL}Tl where Int(ZLy/Ap) is
the number of propagating channels at zero temperature. The variation in conductance has
a maximum near the opening of each new quantum channel. At even lower temperatures
(kg T < 0.2¢1(0)), the back-scattering current is almost exclusively carried by the uppermost
propagating channels.

The behaviour of AGgy as a function of Ly is shown in figures 2(b) and 3(b). At low
temperatures, the resonant structure in AGqy is again evident. The oscillations in L, have
a period of Az/2 and persist until L, is sufficiently large so that AGgy approaches its linear
classical limit. (At temperatures of the order of a millikelvin, one should expect to observe
these oscillations for wires as wide as a micron.) At high temperatures, AGqy is linear at
low values of L,, and the oscillations are almost altogether absent (see figure 3(b)).

The reason that AGqwm approaches its classical limit in figure 2(b) and not in figure
2(a) is related to the energy subband structure that is specific to our choice of an infinite-
square-well bounding potential. As L, increases at constant temperature and €, both the
number of propagating subbands and the thermal smearing increase, which guarantees that
AGon approaches its classical limit. In contrast, as 1/Ar increases, keeping temperature
and L, constant, only the number of propagating subbands increases, while the thermal
smearing condition begins to break down since €0} — -1 (0) < kg T is no longer met at
higher ez and A, Even at higher temperatures, the oscillations in AGqy begin to appear at
sufficiently high g as AGqm diverges away from its classical limit. AGay and AGey in
figure 2(a) are not equal precisely for this reason; however, these conductances are identical
for large Ly except at very low temperatures.

3. Conclusion

We have worked out a perturbative method to treat the phonon-assisted part of the ballistic
resistance. We believe that the approach developed should be applicable to a number of
mesoscopic problems. The lmits of applicability of such an approach have been discussed.
As an illustration, 2 particularly simple nanostructire consisting of a uniform mesoscopic
wire connecting two thermal reservoirs is investigated. By performing a perturbation
expansion, we have calculated a negative change of conductance in such a wire due to
the interaction between electrons and acoustic phonons in the linear response regime. The
dependence of this conductance on temperature, wire width and Fermi level was determined,
The oscillations of the change in conductance AGgy with wire width and Fermi wavelength
have been found. These oscillations, along with the usual thermal broadening associated
with the equilibrium thermal distribution of electrons, fully determine the broadening of the
conduction steps due to increasing temperature.

Until now, to the best of our knowledge, no experimental attempts to resolve phonon-
assisted contributions to the conductance of a nanostructure leading to such a broadening
have been made. We hope that our results will change the situation and will motivate
experimental work that would attempt to confirm our predictions. Experimental investigation
of the phonon-controlled contribution to the conductance can provide valuable information
about the electron—phonon interaction within a nanostructure and can help single out the
type of phonon that is mainly responsible for the electron scattering under given conditions
(temperature, chemical potential, width of the channel, etc). These experiments can also
help answer the following important question: under which applied voltage and with what
accuracy can the distribution of the phonons be considered an equilibrium one? Although
the oscillations in A Ggm disappear with increasing temperature, AGgy does not approach
its classical limit, AGgy, since only a small number of channels participate in the conduction
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process. At low temperatures, as is evident from figure 2, the classical limit greatly differs
from AGqm, except in the case of extremely wide wires. In this sense, no true classical
transport should be expected in mesoscopic wires. Finally, a critical range of temperatures
at which the electron—phonon interaction in nanostructures may begin to have a pronounced
effect on the conductance is determined.
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